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Abstract
The propagation of acoustic-gravity waves (AGWs) in the stratified isothermal atmosphere is analyzed
using methods of the oscillation theory. It is shown that AGW in the atmosphere can be considered as an
oscillatory process occurring at two eigenfrequencies. This consideration makes it possible to explain some
of the observed properties of AGWs. The solutions for perturbed hydrodynamic velocity versus time and
spectral characteristics are obtained in a real, but not complex, variables.
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1. Introduction
Since the middle of the last century, the acoustic-
gravity waves (AGWs) in the atmospheres of the
Earth and the Sun have been intensively studied
both experimentally and theoretically (Hines, 1960;
Yeh and Liu, 1974; Nappo, 2002; Sutherland, 2010;
Narayanan, 2013). In modern analytical and nu-
merical models of AGWs, including the nonlinear
theory, oscillations with acoustic and gravitational
frequencies are considered separately (Stenflo et al.,
2009; Kaladze et al., 2008; Vadas, 2012). In theo-
retical models for these waves, it is usually used a
representation of perturbed quantities in the form
of complex functions. Their substitution into the
system of linearized hydrodynamic equations leads
to the well-known dispersion equation for AGWs as
well as to the “polarization” relations between the
complex perturbed quantities (Hines, 1960).
In this paper, we show that AGW in the isother-
mal atmosphere can be considered and studied in
the framework of the standard oscillation theory as
a system of two-coupled oscillators. In contrast to
approaches adopted in AGW linear theory, we will
look for wave solutions for physical components of
perturbed velocities and displacements in the form
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of real quantities depending on time, coordinates,
spectral characteristics of disturbances and initial
conditions. In our opinion, namely real but not
complex solutions are more intuitive for compari-
son of theoretical results with experimental data.
As far as we know, such a problem has been not
previously solved in the conventional AGW theory.
2. Basic equations
Dynamics of small disturbances in the stratified
isothermal atmosphere is described by well-known
linearized hydrodynamic equations (see, for exam-
ple, Landau, 1969, I):
ρ∂
~V
∂t = −∇p′ + ρ′~g,
∂p′
∂t = −~V · ∇p− γp div ~V ,
∂ρ′
∂t = −~V · ∇ρ− ρ div ~V .
(1)
Here, t is the time, ~V is the perturbed hydrody-
namic velocity, p is the pressure, ρ is the medium
density, and γ is the ratio of specific heats. The
perturbed quantities of the pressure and the density
are indicated by a prime. The equilibrium density
ρ entering Eqs.(1) is vertically stratified in a field
of gravity, namely
ρ (z) = ρ (0) exp (−z/H) . (2)
Here H = RT/g is the atmospheric scale height, R
is the universal gas constant, T = const is the tem-
perature, and g is the acceleration of the gravity.
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For further consideration, it is convenient to
rewrite Eqs.(1) in terms of the vector of the dis-
placement of medium elementary volume from its
equilibrium position:
~ξ (~r, t) =
t∫
0
~V (~r, τ) dτ. (3)
As a result, we get four equations written in Carte-
sian coordinates (x, z) with the vertical coordinate
z:
∂2ξx
∂t2 = − 1ρ ∂p
′
∂x ,
∂2ξz
∂t2 = − 1ρ ∂p
′
∂z − ρ
′
ρ g,
ρ′ = −ξz ∂ρ∂z − ρ div ~ξ, p′ = −ξz ∂p∂z − γp div ~ξ.
(4)
Here ξx and ξz are the horizontal and the vertical
components of the displacement vector. For ob-
taining the second pair of Eqs.(4), we integrated
over time the equations for the perturbed quanti-
ties p′and ρ′ under assumption that the perturba-
tions are equal to zero at the initial moment of time.
This assumption is commonly used to study wave
processes in the continuous media (Bateman, 1976;
Prist, 1985; Mihalas et al., 2013).
After some algebraic transformations, Eqs.(4) are
reduced to system of two second-order linear differ-
ential equations written for displacements ξx and
ξz (Tolstoy, 1963; Cheremnykh et al., 2019):
ρ∂
2ξx
∂t2 = −ρg ∂ξz∂x + ∂∂x
[
ρc2s
(
∂ξx
∂x +
∂ξz
∂z
)]
,
ρ∂
2ξz
∂t2 = ρg
∂ξx
∂x +
∂
∂z
[
ρc2s
(
∂ξx
∂x +
∂ξz
∂z
)]
.
(5)
Here, cs = (γRT )
1/2
is the sound velocity. The
system of Eqs.(5) describes coupled movements of
a medium elementary volume in the vertical and
the horizontal directions.
3. Initial conditions
To study the displacement vector dependence
versus the time with help of Eqs.(5), it is neces-
sary to specify the initial conditions. When obtain-
ing Eqs.(4), it has been taken into account that the
perturbed values and the displacement vector have
to be zero at the initial moment of the time. There-
fore, for displacements ξx (t, x, z) and ξz (t, x, z) at
t = 0 one can write down conditions
ξx (0, x, z) = 0, ξz (0, x, z) = 0 (6)
which we will consider as initial ones. The initial
conditions for the components of the perturbed ve-
locity Vx = ξ˙x and Vz = ξ˙z at t = 0 we represent in
form:
Vx (0, x, z) = V0xe
z/2H cos
(
~k · ~r − φx
)
,
Vz (0, x, z) = V0ze
z/2H cos
(
~k · ~r − φz
) (7)
following (Landau, 1969, II; Prist, 1982). In
Eqs.(7), ~k · ~r = kxx + kzz. The exponential fac-
tor takes into account vertical density stratification
(Hines, 1960), φx and φz are the oscillation phases
for the velocity components. This way we come
to the problem of finding solutions to Eqs.(5) sup-
ported initial conditions (6) and (7).
4. Solutions
Since the components of the displacement vector
ξx (t, x, z) and ξz (t, x, z) equal to zero at initial mo-
ment t = 0 (see Eqs.(6)), it is easily to understand
that solutions of Eqs.(5) should be look for in the
form of linear combinations
ξx = e
z/2H sinωt
[
a cos
(
~k · ~r
)
+ b sin
(
~k · ~r
)]
,
ξz = e
z/2H sinωt
[
c cos
(
~k · ~r
)
+ d sin
(
~k · ~r
)]
,
(8)
where a, b, c, and d are arbitrary constants. Substi-
tuting expressions (8) into Eqs.(5) and taking into
account the linear independence of trigonometric
functions, one can obtain the system of linear equa-
tions
a
(
ω2 − ω201
)− cω204 − dω203 = 0,
b
(
ω2 − ω201
)
+ cω203 − dω204 = 0,
c
(
ω2 − ω202
)− aω204 + bω203 = 0,
d
(
ω2 − ω202
)− aω203 − bω204 = 0.
(9)
This system has a nontrivial solution if its discrim-
inant is equaled to zero. It gives dispersion relation
ω21,2 =
1
2
(
ω201 + ω
2
02 ±
√
D
)
(10)
with
D =
(
ω201 − ω202
)2
+ 4
(
ω403 + ω
4
04
)
where the following notations have been used:
ω201 = k
2
xc
2
s, ω
2
02 =
(
k2z +
1
4H2
)
c2s,
ω203 = ε
kx
H c
2
s, ω
2
04 = kxkzc
2
s, ε =
1
γ − 12 .
The eigenfrequencies ω1 and ω2 in the theory
of acoustic-gravitational waves are usually called
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“acoustic” and “gravitational” frequencies, respec-
tively (Hines,1960, Yeh and Liu, 1974).
Substitution of expressions (10) into Eqs.(9)
makes its a linearly dependent. Leaving in Eqs.(9)
only the last two equations, one can express coef-
ficients c and d through a and b for each of the
eigenfrequencies as
ck =
(
akω
2
04 − bkω203
)
ω2k − ω202
, dk =
(
akω
2
03 + bkω
2
04
)
ω2k − ω202
,(11)
k = 1, 2. Then, according to the linear theory of
oscillations (Landau and Lifshitz, 1969, I; Arnold,
1989) the general solution of Eqs.(5) has to be writ-
ten as a sum of two linearly independent solutions
(8) with frequencies (10). Namely,
ξx= e
z/2H
2∑
k=1
sinωkt
[
akcos
(
~k · ~r
)
+ bk sin
(
~k · ~r
)]
,
ξz = e
z/2H
2∑
k=1
sinωkt
[
akω
2
04−bkω203
ω2
k
−ω2
02
cos
(
~k · ~r
)
+
(akω203+bkω
2
04)
ω2
k
−ω2
02
cos
(
~k · ~r
)]
.
(12)
Here, coefficients ak and bk can be found from initial
conditions (7).
Using Eqs.(7), (12) and taking into account that
Vx = ξ˙x and Vz = ξ˙z , we obtain following expres-
sions for perturbed velocity components:
Vx = e
z/2H cosω1t
[
V0xQ−
2
cos
(
~k · ~r − φx
)
+
V0zω
2
04√
D
cos
(
~k · ~r − φz
)
− V0zω203√
D
sin
(
~k · ~r − φz
)]
+
ez/2H cosω2t
[
V0xQ+
2
cos
(
~k · ~r − φx
)
−
V0zω
2
04√
D
cos
(
~k · ~r − φz
)
+
V0zω
2
03√
D
sin
(
~k · ~r − φz
)]
,
Vz = e
z/2H cosω1t
[
V0zQ+
2
cos
(
~k · ~r − φz
)
+
V0xω
2
04√
D
cos
(
~k · ~r − φx
)
+
V0xω
2
03√
D
sin
(
~k · ~r − φx
)]
+
ez/2H cosω2t
[
V0zQ−
2
cos
(
~k · ~r − φz
)
−
V0xω
2
04√
D
cos
(
~k · ~r − φx
)
− V0xω203√
D
sin
(
~k · ~r − φx
)]
.
(13)
Here
Q± = 1± ω
2
02 − ω201√
D
.
Eqs.(13) describe the resulting oscillations of the
elementary volume in the isothermal atmosphere
under the influence of gravity and pressure gradi-
ents. It is seen that this resulting motion is the sum
of two harmonic oscillations at eigenfrequencies ω1
and ω2 defined from dispersion relation (10).
Figure 1: Dependencies Vx
V0
and Vz
V0
versus τ = ω02t derived
from Eq.(13). Here, kxH = kzH = 10.
Figure 2: Dependencies Vx
V0
and Vz
V0
versus τ = ω02t for
kxH = kzH = 0.5.
5. Analysis of solutions
The dimensionless velocity components VxV0x and
Vx
V0x
versus dimensionless time τ = ω02t are repre-
sented in Figs.1-3 for different kxH and kzH . It has
been assumed that V0x = V0z = V0, φx = φz = 0,
z = 0, kxx = π/4, and γ = 1.67. One can see
that the oscillations periods and the velocity com-
ponents amplitudes essentially depend on the values
of the quantities kxH and kzH .
It should be noted that in some cases, along with
the two-frequency oscillations can be realized the
single-frequency oscillation regime. For example,
for kzH ≈ kxH >> 1, V0x = V0z , and φx = φz
solutions (13) represent high-frequency oscillations
Vx = Vz ≈ ez/2HV0x cosω1t cos (kxx+ kzz − φx)
with frequencies ω21 ≈
(
k2x + k
2
z
)
c2s + ω
2
a and ω
2
a =
3
Figure 3: Dependencies Vx
V0
and Vz
V0
versus τ = ω02t for
kzH = 0 and kxH = 5.
c2s/4H
2. This result confirms the behavior of the
perturbed velocity components shown in Fig. 1.
The transition to one-frequency oscillations can
also be seen in the example of evanescent modes
considered in the work (Cheremnykh et al., 2019).
At the point kz = 0, kx = 1/2H these modes are
realized with frequencies ω1 =
√
g/2H and ω2 =√
g (γ − 1) /2H. In this case, assuming that V0x =
V0z = V0 and φx = 0, φz = π/2, we obtain from
relations (13)
Vx = e
z/2HV0 cosω1t sin (x/2H) ,
Vz = e
z/2HV0 cosω1t cos (x/2H) .
When φx = 0 and φz = −π/2 Eqs.(13) transforms
to relations
Vx = −ez/2HV0 cosω2t sin (x/2H) ,
Vz = e
z/2HV0 cosω2t cos (x/2H) .
It is easy to see that div ~V = ∂Vx∂x +
∂Vz
∂z = 0 in the
first case, and div ~V = VzH in the second one, which
exactly corresponds to the approximations made in
the work (Cheremnykh et al., 2019).
For disturbances of velocity components (13) we
obtain the following solutions occurring at V0x =
V0z = V0 and φx = φz = 0:
Vx,z = Vx,z (t) cos (ω+t+ φx,z (t)) (14)
where
Vx (t) = Vz (t) =
[
V 20
2
(1 + cos (x/H) cos 2ω−t)
]1/2
,
tanφx,z = ∓ tan (x/2H) tanω−t,
ω± =
ω0
2
[
(1 + 2ε)1/2 ± (1− 2ε)1/2
]
.
From solution (14) it follows that the behavior of
the velocity components essentially depends on the
point at which the oscillations are considered. For
example, at x = 0 we obtain the oscillations in the
form of beats
Vx,z = V0 (t) cos (ω+t) cos (ω−t) .
At points x = πH/2, Eq.(14) describes harmonic
oscillations
Vx =
V0√
2
cos [ω0 (1− ε) t] ,
Vz =
V0√
2
cos [ω0 (1 + ε) t]
with different but very close frequencies.
6. Comparison with experimental data
Analysis of satellite measurements of AGWs indi-
cates some inconsistencies with well-known theory
results (Hines, 1960). Generally, the observed wave
trains are morphologically similar to beats (oscilla-
tion with close frequencies). They have typical scale
kxH ≈ 0.5 and propagate almost horizontally with
kzH → 0 (Fedorenko et al., 2015). This may indi-
cate in favor of the two-frequency oscillation regime.
Moreover, for AGWs with kz → 0 there are almost
in-phase oscillations of velocity components Vx and
Vz (Fedorenko, 2013), although there must be phase
shift near π/2 (Hines, 1960). In AGWs over the po-
lar caps of the Earth, the oscillations of the velocity
vertical component occur in the phase with the per-
turbed density (Fedorenko, 2010, 2013), which is
also inconsistent with theory (Hines, 1960). These
differences can be explained in the framework of the
proposed two-frequency approach.
7. Main results
For the first time, atmospheric AGWs are ana-
lyzed based on two-frequency approach using the
methods of classical oscillation theory. It is shown
that the propagation of AGWs in the isothermal at-
mosphere can be considered as the oscillatory pro-
cess occurring simultaneously at two eigenfrequen-
cies. In some particular cases, the two-frequency
oscillatory regime transforms into the usual single-
frequency one. It is obtained the real (not complex)
solutions describing the change in perturbed veloc-
ity as the function of time, spectral characteristics,
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and initial conditions. The results obtained allow
us to explain some features of satellite observations
that cannot be interpreted in the framework of the
classical AGW theory.
The work was supported of the Targeted Compre-
hensive Program of the NAS of Ukraine on Space
Research (2018-2022).
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